Various features of the two-parameter family of Schramm-Loewner Evolutions SLE(κ, ρ) are studied. In particular, we derive certain restriction properties leading to a "strong duality" conjecture, which is an identity in law between the outer boundary of a variant of the SLE(κ) process for κ ≥ 4 and a variant of the SLE(16/κ) process. In this context, a natural path-decomposition of the process SLE(κ, κ−4) is derived, which leads to define a family of stable, hull-valued subordinators.
Introduction
Stochastic (or Schramm) Loewner Evolutions (SLEs) are stochastic increasing families of plane compact sets. Loewner has shown how to parametrize an increasing family of compact sets ("hulls") in a plane domain with a realvalued continuous function (under a "local growth" condition). In other words, Loewner equations transform a real path into an increasing family of hulls. SLEs, that were first introduced by Oded Schramm [Sch00] , are basically the image of the Wiener measure under this transformation. It turns out that the measures on compact sets one gets in this way have very different properties according to the speed κ of the driving Brownian motion.
Since the SLEs give probability laws on hulls that have built-in conformal invariance properties, they are the only possible candidates for the scaling limits of various critical plane discrete models, which are conformally invariant in the scaling limit. The cases, for which the convergence to the scaling limit has been proved, are uniform spanning trees (UST), loop-erased random walks (LERW) and critical percolation. Stanislas Smirnov has proved that the scaling limit of critical percolation clusters on the triangular lattice is described by SLE(6), see [Smi01] . Greg Lawler, Oded Schramm and Wendelin Werner, among numerous results on SLE, have proved that the scaling limit of the UST (resp. the LERW) is SLE(8) (resp. SLE(2), see [LSW02b] ). For other critical models, conformal invariance is conjectured but not proved: Double domino tiling paths are believed to converge to SLE(4) (see [RohSch01] ), critical F K percolation cluster interfaces are conjectured to converge to SLE(κ) (the q parameter of the FK percolation and the κ parameter of SLE being linked by the conjectural relation − √ q/2 = cos(4π/κ), see [RohSch01] ), and there is some evidence that self-avoiding walks (SAW) should converge to SLE(8/3) ( [LSW02c] ).
There are two main variants of SLEs: chordal SLEs, that depend on a domain and two points on the boundary (or prime ends), and radial SLEs, that depend on a domain, an inner point, and a point on the boundary. We will be mainly interested in chordal SLE, but this is not so restrictive, since the radial and the chordal constructions are "equivalent" in some appropriate sense for small enough times.
As we have already mentioned, the value of the κ parameter is of great importance. If κ ≤ 4, SLEs are a.s. simple paths, [RohSch01] . If κ > 4, this is no longer the case, but SLEs are generated by a continuous path, the trace, that can have double-points, but can not cross its past (see [RohSch01] ). When κ ≥ 8, the trace becomes space-filling. The "phase transition" at κ = 4 separates SLEs that are simple paths from SLEs that have a non-trivial boundary (for finite times, since SLEs eventually swallow the whole space). Conjectures relative to almost sure Hausdorff dimensions have prompted Duplantier and others to formulate the following:
Conjecture 1 (Duality for SLE). When κ > 4, the boundary of an SLE(κ) looks locally like an SLE(16/κ).
We record a very loose formulation on purpose, since actually getting an accurate statement is not straightforward. A proof of duality would in particular show that when κ > 4, the dimension of the outer boundary of an SLE(κ) has dimension 1 + 2/κ when κ ≥ 4 (since the Hausdorff dimension of the SLE(κ ′ ) has been proved [Bef02b] to be 1 + κ ′ /8). But there might be a direct proof of this fact.
This duality conjecture has been actually proved in the two special cases κ = 8 and κ = 6. For κ = 8, 16/κ = 2, the result follows from respectively identifying the SLE(8) with the scaling limit of the UST and the SLE(2) with the scaling limit of the LERW; an exact relation (Pemantle [Pe91] ,or Wilson's algorithm [Wil96] ) is known between these two discrete models, which leads to a relation in the scaling limit, [LSW02b].
The relation for κ = 6 has been derived in [LSW02d] in a way that is more closely related to the approach of our paper. In [LSW02d] , all the random subsets of a domain that satisfy the "conformal restriction property" are described. It turns out that the outer boundaries of these sets are variants of the SLE(8/3) process: the SLE(8/3, ρ) processes, that all "look like" the SLE(8/3) process. They can be viewed as an SLE(8/3) process with an additional drift away from (or towards) one part of the boundary. Other models also satisfy this restriction property: Conditioned Brownian motions and conditioned SLE(6) processes. This yields a description of their outer boundary in terms of an SLE(8/3, ρ) process. The conditioned SLE(6) can be understood as follows: Consider critical percolation in a domain D, and condition it in such a way that the exploration process from the boundary point a to the boundary point b does not intersect one of the two arcs of ∂D. Then, the conditioned SLE(6) is the scaling limit of this conditioned process. It turns out (see [LSW02d] ) that this conditioned process is a certain SLE(6, ρ ′ ) process.
Another way to construct the random sets that satisfy the restriction property that has been pointed out in [LSW02d] , is to start with an SLE(κ) process, and to add to this process a certain density of Brownian loops. Further properties of these Brownian loops (and the Brownian loop-soup) are studied in [LW03] . This construction is also related to representation theory, as pointed out in [FW03] .
In the present paper, largely based on ideas of [LSW02d] , we investigate some natural generalizations of certain "restriction formulas" introduced there. In particular, we shall see that the properties that were derived for SLE(κ, 0) (the fact that adding Brownian loops generate a set that satisfies the restriction property) on the one-hand, and for SLE(8/3, ρ) (their relation with the restriction measures) can be generalized to SLE(κ, ρ) processes. In particular, adding a certain loop-soup to SLE(κ, ρ) processes for κ ≤ 8/3 gives yet other ways to construct the random sets that satisfy the conformal restriction property (this was derived in the case κ = 8/3 or ρ = 0 in [LSW02d] ). Moreover, the same computation shows that when κ ≥ 4, the process SLE(κ, κ − 4) has some special features. In particular, we shall prove an identity in law (when κ ≥ 4 and κ ′ = 16/κ ≤ 4) between
• The hull obtained when adding a certain loop-soup to SLE(κ, κ − 4).
• The hull obtained when adding the same loop-soup to the image of the SLE(κ ′ , (κ ′ − 4)/2) process under the symmetry with respect to the imaginary axis.
This leads to the "global duality" conjecture, that the outer boundary of the symmetric image of SLE(κ, κ − 4) is the SLE(κ ′ , (κ ′ − 4)/2) curve. We shall also prove that SLE(κ, κ − 4) can be also viewed as an SLE(κ) process conditioned not to intersect one part of the boundary (which was also the case when κ = 6).
The next step is a path decomposition, leading to a stronger duality conjecture, which precises the (local) law of the boundary, as well as the law of the hull when the boundary is conformally mapped onto a segment. Once again, the main support for this conjecture is a restriction formula. We then define "stable" hulls satisfying the same property, which can be embedded in a stable subordinator.
The next two sections are an overview of SLE(κ) and SLE(κ, ρ) processes, and of the restriction formalism introduced in [LSW02d] . Section 4 presents natural generalizations of some of these results when κ = 8/3. In Section 5, we begin the study of the remarkable SLE(κ, κ − 4) processes, κ > 4, including a path decomposition. In order to make this decomposition more explicit, we are led to define generalized SLE(κ, ρ) processes in Section 6, getting the stronger duality conjecture. Finally, we relate the restriction formula supporting this last conjecture with stability properties in Section 7.
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2 Chordal SLE and SLE(κ, ρ) processes
We first briefly recall the definition of chordal SLE in the upper half-plane H going from 0 to ∞ (see for instance [LSW01, RohSch01, Wer02] for more details). For any z ∈ H, t ≥ 0, define g t (z) by g 0 (z) = z and
is a standard Brownian motion on R, starting from 0. This ODE is well defined up to a random time τ z . Define the hull K t as
The family (K t ) t≥0 is an increasing family of compacts in H; besides, g t is a conformal equivalence of H\K t onto H. It has been proved ( [RohSch01] , see [LSW02b] for the case κ = 8) that there exists a continuous process (γ t ) t≥0 with values in H such that H\K t is the unbounded connected component of H \ γ [0,t] , a.s. This process is the trace of the SLE and it can recovered from g t (and therefore from W t ) by
For any simply connected domain D with two boundary points (or prime ends)
is as above, and h is a conformal equivalence of (D, a, b) onto (H, 0, ∞). This definition is unambiguous up to a linear time change thanks to the scaling property of SLE in the upper half-plane (inherited from the scaling property of the driving process W t ).
We now turn to SLE(κ, ρ) processes, defined in [LSW02d] . Let (W t , O t ) t≥0 be a two-dimensional semimartingale satisfying the following SDEs:
where B is a standard Brownian motion, as well as the inequality W t ≥ O t valid for all positive times. This process is well defined for κ > 0, ρ > −2. Indeed, one may define Z t = W t − O t and note that the process (Z t / √ κ) t≥0 must be a Bessel process of dimension d = 1 + 2 ρ+2 κ . Hence, one can define Z/ √ κ to be such a Bessel process, (see for instance [RevYor94] ), then define O t = 2 t 0 du/Z u and finally
One may therefore define an SLE(κ, ρ) as a stochastic Loewner chain driven by the process (W t ) defined above. The starting point (or rather state) of the process is a couple (w, o) with w ≥ o, usually set to (0, 0). Then O t represents the image under the conformal map g t of the leftmost point of ∂K t ∪ O 0 . Obviously, for ρ = 0, one recovers a standard SLE(κ) process.
Later we will need left as well as right SLE(κ, ρ) processes. We have just defined left SLE(κ, ρ) processes, that we will note SLE l (κ, ρ) if there is any ambiguity. Right processes are defined in the same fashion except for the condition W t ≤ O t for all t ≥ 0; they will be denoted as SLE r (κ, ρ). Note that left processes starting from (0, 0) are images of the corresponding right processes under the antiholomorphic equivalence z → −z.
Hulls and restriction
In this section we recall some results of [LSW02d] , which is the basis of this work. Define a hull as a bounded set A ⊂ H such that A = A ∩ H, A ∩ R ⊂ R * + , and H\A is (connected and) simply connected (this is a called a +-hull in [LSW02d] ). If A is a hull, we note φ A the conformal equivalence between H\A and H satisfying the hydrodynamic normalization near infinity:
Then composition of conformal equivalences gives a semigroup law on hulls:
Let (g t ) be a Loewner chain with driving process (W t ), and A be a hull. If A ⊂ g
is itself a Loewner chain (if t is small enough).
Suppose now that the driving process (W t ) of the chain is a semimartingale satisfying
where B is a standard Brownian motion and b is some bounded progressive process. Obviously, this will be applicable to SLE(κ, ρ) processes. Let z be a point in H\g t (A) or in a punctured neighbourhood of W t in R. Then the following formulas hold:
Now, using a suitable version of Itô's formula (see [RevYor94] , exercice (IV.3.12)), one may derive the SDEs:
Let us recall that the Schwarzian derivative of h t at z is given by:
Then Itô's formula yields:
We will also need results derived in [LW03] regarding the Brownian loop soup. A loop is a continuous map S 1 → D, where D is a simply connected plane domain, and is defined up to reparametrization; the filling δ f of a loop δ is the simply connected compact set having the same outer boundary as δ(S 1 ). The Brownian loop soup is a loop-valued point process, parametrized by its intensity λ. As before, our convention for the intensity of the loop-soup will differ from that of [LW03, LSW02d] by a factor 6. If A is a hull (i.e. A ⊂ D, A closed, and D\A is simply connected) and L is the random loop soup, we define a random hull A L : 
has the law of a Brownian soup in D\A with intensity λ.
Finally, let us briefly recall from [LSW02d] the definition and constructions of one-sided restriction probability measures. For more information, see [LSW02d] . For each α > 0, there exists exactly one measure on simple curves γ from 0 to ∞ in the upper half-plane such that for all hull A,
These are the only measures on curves satisfying the "one-sided restriction property." The curve γ is a sample of the one-sided restriction measure with exponent α. For each α, various equivalent ways of constructing this random curve are described in [LSW02d] : First, γ is an SLE(8/3, ρ) process for a well-chosen value of ρ. Alternatively, when α ≥ 5/8, one can add to an SLE(κ) for a well-chosen value of κ, the set of loops of a Brownian loop-soup of intensity λ κ that it intersects, and consider the right-boundary of the obtained set. We will generalize these two constructions in the present paper.
Restriction functionals for SLE(κ, ρ) processes
The main goal of this section is to derive suitable generalizations of the results in [LSW02d] corresponding to the case κ = 8/3 (in this case λ κ = 0, the "central charge" is null). Interpretations of this formula in terms of "conditioning" are discussed in [Wer03] .
Throughout this paper, we will use the following constants depending on κ and ρ:
Note that a depends only on κ.
process and A be a hull. Consider the semimartingale
Then, with the previous choice of constants a, b, c and λ, the process (M t ), which is well defined up to an a.s. positive stopping time τ , is a local martingale.
Proof. This lemma is the natural generalization of [LSW02d] , Lemma 8.9. The proof is a straightforward application of Itô's formula, which we write down for the sake of completeness. Recall (3.8),(2.1):
Standard differential calculus yields (see (3.1),(3.2),(2.1)):
From (3.5),(2.1), using Itô's formula, one gets (we write
Substituting:
It is then easily seen that the drift terms vanish for our specific choice of constants a,b and c.
In order to apply the optional stopping theorem, we need two more lemmas. It will be convenient to define
Note that α(κ, 0) = a(κ, ρ) = α κ = (6 − κ)/2κ.
(ii) If κ ≥ 6 and ρ ≥ κ − 4, for a right SLE(κ, ρ), the associated local
Proof. (i) Note that for all κ < 4 and ρ > −2, the exponent α(κ, ρ) is positive. Moreover, if κ ≤ 8/3, then λ κ ≥ 0, so that the exponential term is bounded by 1 (since the Schwarzian derivatives are negative in the present case).
Generally speaking, if B is a hull and x, y are two real numbers such that
We will split the proof into different cases, according to the signs of the constants b and c:
• Suppose first that b(κ, ρ) ≤ 0. Then, also, c(κ, ρ) ≤ 0, and recall that a + b + c > 0. Then,
• Suppose now that b(κ, ρ) > 0 and c(κ, ρ) ≥ 0. Then, trivially,
• Suppose finally that b(κ, ρ) > 0 and c(κ, ρ) < 0. Suppose that A is a Loewner hull, without loss of generality since such hulls are dense. Consider a continuous real valued function (x s ) 0≤s≤S such that A =K S , the Loewner hull associated with x at time S.Then, if o s =g s (g
S (W t )) one gets (see [LSW02d] , proof of Theorem 8.4): (a + cy + by 2 ) = a + b + c = α(κ, ρ) > 0
We can conclude that 0 ≤ M t ≤ 1. A slight modification of the argument gives in fact that for some positive ε,
(ii) In the case where κ ≥ 6 and ρ ≥ κ − 4, one sees that a(κ, ρ) and c(κ, ρ) are positive, and that b(κ, ρ) is nonnegative. As we are now dealing with a right SLE process, W t ≤ O t , hence:
Again, λ κ is positive, so that the exponential factor is bounded by 1. It readily follows that
This concludes the proof. Note that we have in fact proved, in all these cases, the existence of a positive ε such that
Recall that γ denotes the trace of a SLE. Somewhat loosely, we will also use γ to designate the closed set γ [0,∞[ . 
(ii) If κ ≥ 6, ρ = κ − 4, for a right SLE(κ, ρ), the martingale (M t ) converges a.s.:
Proof. (i) In this case, we have proved that
ε for some ε > 0. Then one can apply Lemma 6.2, Lemma 6.3 of [LSW02d] to get the result.
(ii) If κ ≥ 6, ρ = κ − 4 we have seen that 0
a(κ,ρ) . Then Lemma 6.3 of [LSW02d] tells us that on the event {γ ∩ A = ∅}, M t → 0 as t ր τ A , the first time for which the trace encounters the hull. On the event {γ ∩ A = ∅}, or {τ A = ∞}, as before, h ′ t (W t ) → 1 as t goes to infinity. Note that b(κ, κ − 4) = 0, so that we have to prove that
Here we need to adapt the proof of Lemma 6.2 in [LSW02d] . Heuristically, seen from A, W t goes to infinity while O t stays bounded (in particular h ′ t (O t ) tends to a non degenerate limit, which is why we do not consider the case ρ > κ − 4). Let A t = g t (A), Z t be the leftmost point of A t , and d t = inf(r, A t ⊂ D(Z t , r)). We also note
The extremal distance between (−∞, γ t ) and ∂A in H\(K t ∪ A) goes to infinity, while the extremal distance between (−∞, O t ) and ∂A stays bounded. Indeed, as we are dealing with a right SLE, O t is the right image of 0 under g t . This can be translated into:
We have already seen that
for a fixed function φ D which satisfies the hydrodynamic normalization at infinity: φ D (z) = z + o(1). Hence:
So we can conclude that (4.9) holds.
From the previous lemmas, one gets immediately: Proposition 1.
• Consider an SLE l (κ, ρ), κ ≤ 8 3 , and a hull A. Then:
• Consider an SLE r (κ, κ − 4), κ ≥ 6, and a hull A. Then:
In the case κ ≥ 6, ρ > κ − 4, one can derive a formula involving the non degenerate value of h ′ t (O t ); for more on this topic, see [Wer03] . The first statement shows that for all α > 0, one can construct a sample of the one-sided restriction measure by adding to an SLE(κ, ρ) a Poisson cloud of Brownian bubbles of intensity λ κ , when κ ≤ 8/3 and α = α(κ, ρ).
We now enunciate a corollary, which provides important support for a duality conjecture. Consider an SLE r (κ, ρ) with κ ≥ 6, ρ ≥ κ − 4. Then it is easily seen from the previous results that for any hull A, K ∞ ∩ A = ∅ with positive probability. Thus it makes sense to define the right boundary of K ∞ . The purpose of duality is to identify this boundary as a process. Corollary 1. Let κ ≥ 6, κ ′ = 16/κ. Let δ be the right boundary of an SLE r (κ, κ − 4), and γ ′ be the trace of an SLE l (κ ′ ,
2 ). Let L be an independent Brownian loop soup in H with intensity λ κ . Then, for any hull A,
Proof. The result is immediate using the properties of the loop soup. Indeed, if l is any loop in H, for obvious topological reasons:
Then, almost surely :
where the left-hand side corresponds to the SLE r (κ, κ − 4) process itself, while the right-hand side corresponds to its right boundary process with Loewner parametrization.
This suggests the following conjecture (with the same notations):
Conjecture 2. δ and γ ′ have the same law.
This should also hold for κ ∈ (4, 6). Note that when κ = 4, it trivially holds.
Some properties of SLE(κ, κ − 4) processes
We have just seen a precise duality conjecture involving SLE(κ, κ − 4) processes; we now study these processes, which satisfy particular properties. In some sense, one may see what follows as a rephrasing of the following well-known properties of Bessel processes: When d < 2, a Bessel process conditioned never to hit the origin has the law of a Bessel process of dimension 4 − d. Here, this will be translated into the fact that SLE r (κ, κ − 4) is an SLE(κ) conditioned not to hit the positive half-line.
Proposition 2. Let κ > 4. An SLE(κ) conditioned not to absorb x > 0 has the law of an SLE r (κ, κ − 4) starting from (0, x).
This "conditioning" with respect to a zero probability event only holds under an appropriate limiting procedure (see the proof).
Proof. Let (W t ) be the driving process of the SLE(κ), dW t = √ κdB t , and M be a (large) negative number. Let M t = g t (M ) and x t = g t (x); these processes are defined up to time τ , at which either M or x is swallowed. Let h be a function on (0, 1) satisfying the ODE:
Then, according to [Wer02] , Proposition 3.3, h 
According to Girsanov's theorem, ifZ designates the law of the process Z conditioned to exit in 0, thenZ satisfy a SDE:
whereB is a standard Brownian motion. Then, one works backwards and compute a SDE forW , the law of W conditioned on M being swallowed before x:
As M goes to −∞, Z t converges to 1. It is easily seen that as z → 1,
So when M → −∞, which corresponds to conditioning by the event of zero probability {K ∞ ∩ (x, ∞) = ∅}, one gets the SDE:
and x t satisfies the Loewner equation, which is the definition of a SLE(κ, κ − 4) process.
Proposition 3. Let κ > 4. An SLE(κ, κ − 4) starting from (0, x) conditioned not to absorb y, 0 < y < x, has the law of an SLE r (κ, κ − 4) starting from (0, y).
Proof. One can derive a proof for this fact along the lines of the previous proposition, i.e. using Girsanov's theorem. It is simpler to write, making use of the previous result:
|y is not absorbed) = (SLE(κ)|x and y are not absorbed) = ((SLE(κ)|x is not absorbed) |y is not absorbed)
)|y is not absorbed
Consider now an SLE r (κ, κ − 4), starting from (0, 0 + ) with trace γ and right boundary δ, and driving process (W t , O t ). Let (F t ) be the natural filtration of the Brownian motion (B t ) driving the SDE of (W t ). Now δ is a simple curve that can be parametrized so that cap(δ [0,u] ) = 2u, where cap is the half-space capacity seen from infinity (in the terminology of [LSW01] ). Let τ u be the first time at which the portion δ [0,u] of the boundary is completed; obviously this is not a stopping time. Formally, we can define (D u ) u≥0 the filtration generated by (δ u ) u≥0 , as well as a finer filtration, (
Let u > 0 be fixed. Consider a time t > 0; an SLE r (κ, κ − 4) starting from (0, 0) is the concatenation of the hull K t with the hull produced by an independent SLE r (κ, κ − 4) starting from (W t , O t ). Then τ u ≤ t if and only if the right boundary of K t (i.e. g
) has capacity larger than 2u and if the future does not swallow g t (δ u ). So conditionally on (W t , O t , τ u ≤ t), the future is an SLE r (κ, κ−4) starting from (W t , g t (δ u )), independent from the past. Then, (g −1 τu (K τu+t )) t≥0 has the law of a SLE r (κ, κ−4) starting from (W τu , W + τu ), and is independent from D u conditionally on W τu ; note K ′ the closed subset of H swallowed by this process. Thus τ u may be called a regeneration time (it is a splitting time in Williams' terminology). To get a full path decomposition, we need to describe K τu .
We have conjectured that (δ v ) 0≤v≤u is a SLE l (κ ′ ,
2 ) starting from (0, 0 − ) stopped at a fixed time u; let (W v ,Õ v ) v be its driving process, and (g v ) 0≤v≤u the associated conformal equivalences. Now we can write K τu = δ [0,u] .H u , where
; we shall note loosely δ u = δ [0,u] . Invoking "conformal invariance", one may conjecture that H u is independent from D u conditionally on (W u ,Õ u ). Then, if A is a hull and L is a loop soup in H with intensity 6λ κ , using the restriction property of the loop soup and restriction formulas for SLE r (κ, κ − 4) and SLE l (κ ′ , κ ′ /2 − 2), one gets:
where as usual h t = φ gt(A) ,h u = φg u (A) , and L ′ is an independent loop soup with intensity 6λ κ . This computation leads us to conjecture that if B is any hull (in particular B =g u (A)), then, conditionally on (W u ,Õ u ) = (w, o), H u satisfies:
where h = φ φH u (B) .
In the next section we will define random hulls satisfying this particular "restriction formula".
6 Generalized SLE(κ, ρ) processes Let κ > 0, and ρ be a multi-index, i.e. :
Let k be the length of ρ; if k = 0, one simply defines SLE(κ, ∅) as a standard SLE(κ). If k > 0, suppose the existence of processes (W t ) t≥0 and (Z (i) t ) t≥0 , i ∈ {1 . . . k} satisfying the SDEs:
and such that the processes (W t − Z (i) t ) do not change sign. Then we define the SLE(κ, ρ) process starting from (w, z 1 , . . . z k ) as a Schramm-Loewner evolution the driving process of which has the same law as (W t ) as defined above, with W 0 = 0, Z φ
This supports the following:
identical in law (at least in the Hausdorff sense)
This last conjecture is more precise than the general duality conjecture for SLE.
A family of hull-valued stable subordinators
We have previously considered the capacity of the right boundary of a hull; a clear shortcoming of this notion is that it is not additive under concatenation. In this section we will define in the particular case of SLE(κ, κ − 4) a measure of the "length" of the hull right boundary which is additive for concatenation; actually this "length" depends on the whole Loewner path, not just on the boundary.
Let κ > 4 be fixed, and note d = 1 − 4 κ . Let (W t , O t ) t≥0 be the driving process of an SLE r (κ, κ − 4) starting from (0, 0
√ κ is a standard Bessel process of dimension (2 + d) starting from 0. Let σ t be the last time before t when the tip of hull γ t was on the right boundary of the whole hull K ∞ ; this is obviously not a stopping time, and is analogous to the future infimum of a transient Bessel process for instance. Now define:
, and it is a standard SLE calculation to see that:
, these two variables being independent, one may work out the law of X t . It turns out that X t / √ κ is distributed like a standard BES(d) starting from 0 and taken at time t; it is a special case of beta-gamma algebra (see [CPY98] ). This makes plausible the following proposition:
Proof. The proof relies on regeneration for SLE(κ, κ − 4), as well as the law of an SLE(κ, κ − 4) starting from (0, 1) conditionally on Z ∈ (0, 1), the rightmost swallowed point (which has distribution Beta(d, 1)).
Notice that the right boundary grows only when X t = 0, so that the local time at 0 of (X t ) will provide an adequate measure of the right boundary. Recall that for (ρ t ) a Bessel process of dimension δ, there exists a bicontinuous family of local times (L a t ) such that for any bounded Borel function f ,
As a consequence, if (L 0 t ) t≥0 is the local time at 0 of (X t ), and if τ . is its rightcontinuous inverse, then τ. is a stable subordinator with index ν = 1− 
One may conjecture that these properties actually characterize (H t , w t ), up to a scale factor. A by-product of this proposition is that (w t ) is a stable Lévy process with index 2ν = 1 + 4/κ. A consequence of Loewner's equation and of the definition of (X t ) is that:
is constant on the excursions of X. Recall the definition of the latter term:
As an additive functional of (X t ) constant on excursions, this process is proportional to the local time of X at 0:
Since the left-hand side has a Brownian scaling and the right-hand side has a scaling with index ν, this process is identically zero. Then: Recall the notations of the previous section. A (somewhat wishful) roadmap to proving duality would involve:
• Computing the tails of the distribution of the first two moments (i.e.
translation at infinity and capacity seen from infinity) of the "synthetic" hull K 2 : φ K2 (z) = z − w + 2τ /z + O(1/z 2 ),
• Proving the convergence in distribution:
n 1/ν , w (1) + · · · + w of K 2 and l is some constant,
• Proving that a stable law on hulls is determined by the joint law of its first two moments under suitable conditions, and
• Proving that the right boundary of the concatenation K
2 . . .
is a SLE l (κ ′ , κ ′ /2 − 2) stopped at a random time.
Finally, we briefly discuss a bilateral analogue to the previous discussion. As mentioned earlier, the SLE(κ, κ − 4, κ − 4) process started from (0, z 1 , z 2 ), with κ > 4, z 1 < 0 < z 2 , may be seen as a SLE(κ) process conditioned not to hit (−∞, z 1 ) ∪ (z 2 , ∞). So this SLE conditioned not to hit (z1, x) ∪ (y, z 2 ), with z 1 < x < 0 < y < z 2 , is a SLE(κ, κ − 4, κ − 4) started from (0, x, y). Alternatively, one may check that the following semimartingale:
1−4/κ g t (y) − W t g t (z 2 ) − W t 1−4/κ g t (y) − g t (x) g t (z 2 ) − g t (z 1 ) κ(1−4/κ) 2 is a bounded martingale. So if K ∞ denotes the hull generated by this SLE, one gets: From here, one can apply Girsanov's theorem to get the previous conditioning identity (without any limitting argument). As it is known that SLEs have a.s. cutpoints for 4 < κ < 8, this points at the existence of a "bead" decomposition for SLE(κ, κ − 4, κ − 4), generalizing some results of [Vir03] (recall that the filling of the Brownian excursion and the SLE(6, 2, 2) process have the same law). Indeed, a cuttime τ is a time such that the image of the future hull under g τ does not intersect R * . It is not quite clear whether it is possible to derive the Hausdorff dimension of cuttimes for SLE κ (proved to equal 2 − κ/4 in [Bef02a] ) in this framework, as we rederived the dimension of frontier times using
